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1 Introduction

A central objective in precision medicine, public policy, and economics is to discover when and how to dynam-
ically make decisions affecting individuals—personalized to their evolving characteristics—so as to maximize
outcomes over time. Dynamic Treatment Regimes (DTRs) formalize this objective: a DTR is a sequence of
decision rules that maps a subject’s observable history to a recommended action at each decision epoch
[12, 22]. When learning and optimizing them using observational data, however, DTRs require sequential
ignorability—the assumption that, conditional on measured covariates, treatment assignment is indepen-
dent of all future potential outcomes [13, 14]. In various real-world applications, this assumption is almost
never verifiable and is routinely violated. In healthcare, for example, unmeasured disease severity, patient
adherence, or physician intuition can influence both the treatment selected and the subsequent outcome.

The challenge is compounded when unmeasured confounders are time-varying, meaning that they could
be affected by previous decisions. In such settings, naïve adjustment methods that do not account for this
feedback create additional bias [15]. Even if one postulates a specific causal model for the dynamics of
unobserved confounders and their impact on observed data— the data generating model—such a model is
itself subject to substantial ambiguity, and hence, any useful data-driven learning algorithm should be able
to handle model ambiguity [see, also [19, 21]].

Saghafian [17] addresses both challenges simultaneously. The paper makes four inter-related contributions
that together form a coherent and practically important framework for learning suitable dynamic decisions
from data:

1. It extends DTRs to Ambiguous DTRs (ADTRs) in which the causal impact of any treatment policy is
evaluated over a cloud of plausible data-generating models rather than a single assumed model.

2. It connects ADTRs to Ambiguous Partially Observable Markov Decision Processes (APOMDPs) [16],
reinterpreting time-varying unobserved confounders as latent states with ambiguous transition dy-
namics.

3. It develops two efficient off-policy Reinforcement Learning (RL) algorithms—Direct Augmented V-
Learning (DAV-Learning) and Safe Augmented V-Learning (SAV-Learning)—that learn optimal treatment
regimes from observational data under model ambiguity.

4. It introduces the concept of two-way personalization: the resulting treatment policies are tailored simul-
taneously to the individuals’ (e.g., patients) varying context variables and to the decision-maker’s (e.g.,
a physician’s) behavioral attitude toward ambiguity, parameterized by a pessimism level α ∈ [0, 1].

The advantages of the proposed framework in Saghafian [17] is investigated via a case study of New Onset
Diabetes After Transplantation (NODAT), a condition that arises from the diabetogenic side-effect of im-
munosuppressive drugs (e.g., tacrolimus) given to organ transplant recipients [1, 2, 8, 9, 10]. Physicians
must jointly manage the risk of organ rejection (requiring high tacrolimus) and the risk of diabetes onset
(requiring low tacrolimus and possibly insulin). Clinical data on 407 kidney transplant patients (over 63,000
observations) collected at the Mayo Clinic provide the empirical testbed.

2 The ADTR Framework

Let (Ot, At)t∈T denote the observed covariates and actions at each decision epoch. Let St denote the un-
observed (latent) health state at time t. A treatment regime λ = (λt)t∈T maps the observable history
Ho

t = (O1, A1, . . . , Ot) to a probability distribution over actions. The overall gain under λ is the discounted
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sum of immediate gains Gt = g(St, At):

ΓT (λ) =
∑
t∈T

βt−1Gλ
t , β ∈ (0, 1).

In a standard DTR, one estimates the optimal λ∗ by maximizing E[ΓT (λ)] over the observed data, implicitly
committing to a single causal model, and hence, a unique imposed distribution for ΓT (λ). In ADTRs [17],
the causal model is not uniquely identified from the observed data. The set M of all models consistent with
the observations constitutes the ambiguity set. Under each model m ∈ M, the gain ΓT (λ) considered as a
potential outcome variable of interest Y (λ) = ΓT (λ) follows a different distribution fm. To compare policies,
thus, Saghafian [17] adopts the α-Maximin Expected Utility (α-MEU) criterion [5, 6, 16]:

MEUα[Y (λ)] = α inf
fm∈F̂

Efm [Y (λ)] + (1− α) sup
fm∈F̂

Efm [Y (λ)], α ∈ [0, 1].

Here α = 1 recovers the classical worst-case (maximin) criterion, α = 0 is the optimistic (maximax) criterion,
and intermediate values interpolate between the two. When |M| = 1, MEUα reduces to the standard
expectation, so the traditional DTR optimality criterion is a special case.

This formulation is important for two reasons. First, it avoids the well-documented over-conservatism of
the pure maximin view, which Savage (1951) described as “ultrapessimistic” [17]. Second, and crucially for
real-world applications, it allows the decision-maker’s own attitude towards ambiguity to be encoded in α,
yielding one the paper’s central conceptual contribution: two-way personalization. A decision-maker (e.g., a
physician) who is particularly averse to worst-case outcomes (high α) will receive different recommendations
than one who is more optimistic (low α). When needed, however, α can be viewed as a tuning parameter
and optimized to gain the best overall recommendation.

Connection to APOMDPs. When the dynamics of the state variables satisfy the Markov property, the ADTR
problem maps cleanly onto an Ambiguous Partially Observable Markov Decision Process (APOMDP) [16]. In
this mapping, the unobserved confounders St become the latent state of the POMDP, while the observable
history Ho

t is used to form a Bayesian belief distribution πt over St via a standard belief-updating operator
[16, 17]. The ambiguity set M translates into multiple candidate transition and emission probability ma-
trices (P a

m, Q
a
m). Crucially, Saghafian [16] has shown that the APOMDP value function Vt(π) under some

conditions is piecewise linear and continuous in the belief π—a structural property that the paper exploits to
design computationally tractable data-driven learning algorithms.

Generalized Sequential Importance Sampling. Before turning to the Markovian case, Saghafian [17] es-
tablishes a non-Markovian baseline approach termed Generalized Sequential Importance Sampling (GSIS).
GSIS reweights observed trajectories by importance sampling weights wt(λ

e) =
λe
t (At|Ho

t )

λb
t(At|Ho

t )
, where λb is the

behavior (data-generating) policy and λe is any policy to be evaluated. Under sequential ignorability and
almost-sure overlap between evaluation and behavior policies, GSIS yields an MEUα-unbiased estimator of
ΓT (λ

e). The paper also extends GSIS to the practically important case of Bounded Unobservable Confound-
ing (BUC), where the sequential ignorability no longer holds, but unobserved confounders affect treatment
propensities only within known multiplicative bounds ηmt ∈ [1,∞), providing approximate unbiased estima-
tion even when sequential ignorability fails.

Finally, under Markovian behavior, [17] demonstrates that causal relations in observed ADTR data can
be represented via a directed acyclic graph (DAG) depicted in Fig. 1, which is a DAG representation of
APOMDPs. This enables developing causal RL algorithms as discussed in the next section.

3 Theoretical Results

Weight-Adjusted Bellman Equations. A central technical result in Saghafian 17 is based on a weight-
adjusted Bellman equation for the value function under an evaluation policy µe in any single POMDP model
m:

V m,µe

T−t+1(πt) = Em

[
µe
t (At|Πm

t )

µb
t(At|Πm

t )

(
Gt + βV m,µe

T−t (T (Πm
t , At, Ot,m))

) ∣∣∣Πm
t = πt

]
.

This equation—which holds whenever the behavior policy satisfies positivity and sequential ignorability after
conditioning on belief states—is fundamental: it expresses the value of any evaluation policy purely in terms
of observable quantities, enabling estimation from data.
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Figure 1: DAG representation of APOMDPs (Fig. 1 in [17]). Circles: observable variables; Rectangles: unobservable variables; Solid arrows: unambigu-
ous causal mechanisms; Dashed arrows: ambiguous causal mechanisms.

Under BUC, the equation generalizes to sandwich bounds on the value function using weight modifiers
described in [17] that incorporate the confounding bounds ηmt . This BUC extension underpins the DAV-
Learning-BUC and SAV-Learning-BUC variants of the main algorithms.

Reinforcement Learning Algorithms: DAV-Learning and SAV-Learning. Both algorithms learn the value
function in the class V of piecewise linear and continuous functions on the belief simplex ∆S , using a
parametric form V m,µe

∞ (π; c) = (b(π))′c where b(π) is a predefined basis (c is used here in place of ψ in [17]
for the ease of notation). The algorithms differ in when they incorporate model ambiguity.

DAV-Learning (Algorithm 1 in [17]) first estimates the value function separately for each model m ∈ M via
regularized minimization of the empirical Bellman residual:

ĉm,µe

n = argmin
c∈C

{
(φm,µe

n (c))′Ωφm,µe

n (c) + θnP (c)
}
,

and then combines model-specific gains via the α-MEU operator at the end of the horizon:

Γ̂∞(µe) = α inf
m∈M

Γ̂m
∞(µe) + (1− α) sup

m∈M
Γ̂m
∞(µe).

SAV-Learning (Algorithm 2 in [17]) instead incorporates ambiguity up front by estimating the value function
parameter as the α-MEU of the individual model estimates:

ĉµ
e

n = α ĉm,µe

n + (1− α) ĉm,µe

n ,

where m and m minimize and maximize the parameter norm over M. This “safe” integration of ambiguity
at the estimation stage makes the resulting policy more robust to the choice of α, at the cost of some mean
performance relative to DAV-Learning.

Asymptotic Properties of the Algorithms. The paper establishes the asymptotic behavior of both algorithms
under five regularity conditions covering the parameter space, the policy space, the trajectory process, and
the model space. The key results (Theorems 1 and 2 in [17]) are:

1. Weak consistency: For any fixed evaluation policy µe and model m, ĉm,µe

n
p−→ cm,µe

∗ and Γ̂∞(µe)
p−→

Γ∞(µe).
2. Asymptotic normality:

√
n(ĉm,µe

n − cm,µe

∗ ) converges in distribution to a zero-mean Gaussian process
in ℓ∞(M).

3. Consistency of the optimal policy: dM(µ̂e∗
n , µ

e∗)
p−→ 0 and Γ̂∞(µ̂e∗

n )
p−→ Γ∞(µe∗).

A notable technical feature is that the proofs must handle both non-i.i.d. trajectory data (which are absolutely
regular stationary processes with β-mixing coefficients satisfying a summability condition) and the presence
of multiple ambiguous models. The asymptotic results in [17] leverage findings from empirical process theory
for dependent data [3, 7] to establish Donsker properties in ℓ∞(M).

The tuning parameter θn must satisfy θn = op(n
−1/2), which is the standard rate for penalized estimators

that achieve consistency and asymptotic normality simultaneously. These results guarantee that with enough
data, ADTRs can be reliably estimated and that uncertainty in the estimated optimal policy diminishes at the
usual

√
n rate.
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4 Empirical Results

Case Study: NODAT at Mayo Clinic. The clinical data set comprises 407 kidney transplant recipients
observed monthly for 12 months post-transplant (13 covariates, 9 latent health states, 4 possible actions
combining tacrolimus dosing and insulin use). After cubic spline interpolation to fill data gaps, the full data
set contains 63,492 observations. The ambiguity set M contains 4 models constructed via an entropy ball
around Baum–Welch estimates of the POMDP emission and transition matrices.

Table 5 of Saghafian [17] reports total discounted gains (discount factor β = 0.95) under the observed
clinical regime and the two proposed algorithms across five values of α ∈ {0.00, 0.25, 0.50, 0.75, 1.00}. The
main findings are:

• Both algorithms substantially outperform observed clinical practice. DAV-Learning improves over
the observed regime by 10%–42% and SAV-Learning by 10%–32%, depending on α.

• DAV-Learning achieves higher mean gains, particularly for low α (optimistic) settings. At α = 0,
DAV-Learning yields a mean total gain of 2.085 versus 1.472 under the observed regime.

• SAV-Learning is far more robust to the choice of α. Whereas DAV-Learning performance degrades
markedly as α increases from 0 to 1 (from 2.085 to 1.609), SAV-Learning spans a narrower range
(1.949 to 1.606). An optimizer using SAV-Learning need not carefully tune α.

These findings reflect the structural difference between the algorithms: SAV-Learning’s “safe” up-front ag-
gregation of model ambiguity effectively buffers against the choice of pessimism level, while DAV-Learning’s
end-of-horizon aggregation preserves sensitivity to α but also unlocks higher upside for optimistic decision-
makers.

Synthetic Data Experiments. Synthetic experiments simulate 100 patients over 10 periods under |M| = 10
misspecified models generated from Dirichlet distributions with random parameters, with a known true
model for benchmarking. Key results (Table 6 in [17]) mirror the clinical findings: both DAV-Learning and
SAV-Learning improve over the observed regime, and SAV-Learning’s performance is more stable across α
values.

Robustness to Model Ambiguity. The most striking empirical result concerns robustness. The paper bench-
marks all algorithms against an imaginary oracle who knows both the true data-generating model and the
optimal policy under that model. The gain loss (regret relative to the oracle) exhibits a U-shaped curve in α:
both extreme pessimism (α = 1) and extreme optimism (α = 0) are suboptimal choices, while intermediate
values (around α ≈ 0.25) minimize regret. More importantly, the maximum gain loss across all values of
α for all four algorithms remains below 0.6%. This is a remarkable finding: a decision-maker operating
under complete uncertainty about the data-generating process can, by using DAV-Learning or SAV-Learning,
achieve performance essentially indistinguishable from an oracle who knows the truth.

This result in [17] provides concrete empirical support for the paper’s philosophical position: a “cloud of
models” approach to causal inference—taking a middle ground between fully model-based and fully model-
free reasoning—can simultaneously deliver personalization, interpretability, and robustness.

5 Conclusions

The core insight in Saghafian [17]—that model ambiguity is not merely a nuisance to be minimized but an
inherent feature of observational data that should be built into the learning framework—makes a signifi-
cant and timely contribution to the intersection of causal inference, reinforcement learning, and sequential
decision-making. It can reorients how researchers might think about off-policy evaluation under unobserved
confounding. The paper’s “cloud of models” methodology explicitly positions ADTRs between fully structural
causal models (which commit to a single data-generating process) and purely nonparametric, model-free
methods (which make no structural assumptions). This middle ground echoes calls by Manski [11] and
others for causal inference methods that remain valid across the set of all feasible models.
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